ON A PROBLEM OF BART GODDARD 

PING XI 

Abstract. We find identities for two series proposed by Bart Goddard in terms of 
elementary functions. 



1. Introduction and the main result 

During the 2009 Western Number Theory held at Asilomar, Bart Goddard proposed a 
problem to ask the expressions of the series 
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for any fixed natural number k. See [M] [Problem 009:14] for details. 

In this short note, we give the desired expressions for Ak(y) and Bk(y). To this end, we 
consider the following series 
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Clearly, A k {y) = y 2 S 2 k(y) and B k {y) = y 3 S 2 k+i{y) for y ^ 0. As usual, we regard the 
series above as the formal power series, and we don't consider their convergence in y. 
In general, we can prove that 



Theorem 1. We have 



and for k 2, we have 

S k (y) 



So(y) = y~ siny, 

Si(y) = y - y cosy, 



y k J (— l)( fe + 2 )/ 2 siny, k even, 
~® X l(-l) (fe+1)/2 cosy, k odd. 



The proof is an easy application of the method of generating functions, which will be 
outlined in the next section. 
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2. Proof of the theorem 

Now we put 

(2) S(x,y) = J2Sk(y)x k . 

k^O 

In view of (1) and changing the order of summation, we have 



(2n+l)!^V k J ^ y ' (2n + l)! 

Hence we have 

S(x, y) — xy + y — sin(xy + y) — xy + y — sin xy cos y — cos xy sin y. 
Using the Taylor expansions for sin a; and coscc, we get 

(3) S(x,y) = J2My)^r, 

where /3 (y) = y- smy,/3i(y) = y - ycosy, and 

(-l)( k + 2 )/ 2 y k smy, k ^ 2 even, 

(_;Q(fc+l)/2 y fc CQS ^ k ;> 2 odd. 

By comparing the coefficients in (2) and (3), we arrive at 
which completes the proof of the theorem. 
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